ABSTRACT. Amenability for groups can be extended to metric spaces, algebras over commutative fields and C * -algebras by adapting the notion of Følner nets. In the present article we investigate the close ties among these extensions and show that these three pictures unify in the context of the uniform Roe algebra C * u (X) over a metric space (X, d) with bounded geometry. In particular, we show that the following conditions are equivalent: (1) (X, d) is amenable; (2) the translation algebra generating C
INTRODUCTION
The notion of amenable groups was introduced by von Neumann in [32] in his study of the Banach-Tarski paradox. It is defined by the existence of a finitely additive mean which is invariant under translations in the group. These groups correspond, precisely, to those that can not be paradoxically decomposed, a result that is known as Tarski's alternative (see, e.g., [43, 18, 45] ). Følner gave in [22] another characterization of amenability corresponding to an internal approximation of the group in terms of finite subsets that have controlled growth. More precisely, we say that a discrete group Γ satisfies the Følner condition if for every ǫ > 0 and every finite subset E of Γ, there exists a non-empty finite subset F of Γ such that |γF ∆F | |F | < ǫ for all γ ∈ E , where ∆ denotes the symmetric difference. Amenability has been shown to be a rich concept that quickly spread to other areas such as harmonic analysis, ergodic theory, etc. (see [27] ).
Of particular interest for us in this article are the notions of amenability for bounded geometry metric spaces, algebras and operator algebras. Amenability for metric spaces is defined by an isoperimetric condition in complete analogy to Følner's condition mentioned above (see [9] and Definition 2.2). In this context one can prove many results similar to the case of groups. In particular, it is shown that Tarski's alternative regarding amenability vs. paradoxical decompositions is still true for metric spaces and amenability is invariant under coarse equivalences among bounded geometry metric spaces (see [13] and references cited therein).
In the late nineties, Elek ([20] ) was able to characterize amenability of a discrete group Γ in terms of its algebraic uniform Roe algebra 1 C * u,alg (Γ). It is well-known that the algebraic uniform Roe algebra C * u,alg (Γ) is canonically isomorphic to the algebraic crossed product of ℓ ∞ (Γ) (the commutative algebra of bounded complex functions on Γ) by the group Γ with respect to the translation action (see, e.g., Lemma 4.30 in [38] ). Elek used the Følner condition of amenable groups and the paradoxical decomposition of non-amenable groups to show that a discrete group Γ is amenable if and only if its algebraic uniform Roe algebra C * u,alg (Γ) admits a tracial state if and only if [1] 0 = [0] 0 in the algebraic K-group K 0 (C * u,alg (Γ)). Moreover, it is shown by Rørdam and Sierakowski in [35] that a discrete group Γ is non-amenable if and only if the reduced C * -crossed product ℓ ∞ (Γ) ⋊ r Γ is properly infinite if and only if M k (ℓ ∞ (Γ) ⋊ r Γ) is properly infinite for some k ∈ N. Recall that a unital C * -algebra A is properly infinite if there exist two isometries x and y in A such that xx * + yy * ≤ 1. This notion may be considered as a strong negation of the existence of tracial states, and an analogous definition can be made for general algebras over a commutative field.
Elek introduced in [21] the notion of algebraic amenability for finitely generated unital algebras over (commutative) fields. His definition resembles Følner's characterization, with finite subsets replaced by finite-dimensional linear subspaces and cardinalities replaced by dimensions. In our paper [5] , we studied this notion in the setting of general algebras (see Definition 2.9 below). Following the footsteps of Rørdam and Sierakowski, we showed that a metric space X is amenable if and only if its associated translation algebra C u (X) is algebraically amenable if and only if C u (X) is properly infinite if and only if C u (X) does not contain the Leavitt algebra as a unital * -subalgebra. In Section 2 we provide the basic definitions and results on metric space and algebraic amenability needed later. We refer the reader to [5] for proofs and further motivations.
The notion of Følner condition has also been considered in the C * -algebraic setting (see, e.g., [15, 16, 8, 4] ). The first-named and third-named authors defined in [4] the class of Følner C * -algebras 2 as those unital C * -algebras A that admit a net of unital completely positive (u.c.p.) maps ϕ i : A → M k(i) (C) which is asymptotically multiplicative in the normalized trace norm, i.e., lim i ϕ i (ab) − ϕ i (a)ϕ i (b) 2,tr = 0 , for all a, b ∈ A , where x 2,tr : = tr(x * x), x ∈ M n (C) and tr(·) denotes the unique tracial state on M n (C).
It is shown in [8] that the reduced C * -crossed product ℓ ∞ (Γ) ⋊ r Γ is a Følner C * -algebra if and 1 It is called Gromov's translation algebra in Elek's paper. 2 This class coincides with the class of weakly hypertracial C * -algebras, cf., [8] .
only if the group Γ is amenable if and only if ℓ ∞ (Γ) ⋊ r Γ admits an amenable trace τ , i.e., there exists a state ψ on L(ℓ 2 (Γ)) which extends τ and satisfies ψ(T A) = ψ(AT ), for all T ∈ L(ℓ 2 (Γ)) and A ∈ ℓ ∞ (Γ) ⋊ r Γ .
In this article, we will give a unifying point of view to the different approaches to amenability as mentioned above. In order to do this, we generalize in Section 3 the notion of Følner C * -algebras given in [4] (see also [8] ) to semi-pre-C * -algebras as introduced by Ozawa in [36] . This class of * -algebras includes (pre-)C * -algebras and allows us to characterize at the algebraic level different analytic aspects of group C * -algebras and uniform Roe algebras (see, e.g., Examples 3.11 and 4.6). In Theorem 3.8, we give a variety of characterizations of Følner semipre-C * -algebras, which generalizes the main result in [4] . As an application of this result, we prove the following relation between algebraic amenability and Følner C * -algebras.
Theorem 1 (cf., Theorem 3.17) . Let A be a unital pre-C * -algebra which is algebraically amenable. Then its closure A is a Følner C * -algebra.
However, the converse implication is in general not true: a Følner C * -algebra may contain a dense subalgebra not satisfying algebraic amenability (see Remark 3.18) .
In section 4, we present a confluence point of all the approaches to amenability mentioned above and prove a unifying theorem that generalizes results in [20] , [35] and [5] :
Theorem 2 (cf., Theorem 4.9). Let (X, d) be an extended metric space with bounded geometry, A be a unital pre-C * -algebra that contains the translation algebra C u (X) as a dense * -subalgebra. Let k, n be positive integers with n ≥ 2. Then the following conditions are equivalent:
(1) (X, d) is amenable.
(2) C * u,alg (X) is algebraically amenable. It is known that in the context of group C * -algebras, the amenability of a discrete group Γ is equivalent to a number of properties for C * (Γ), e.g., nuclearity, quasidiagonality, and the Følner property (cf., Example 3.6). Uniform Roe algebras provide examples that show that, in general, nuclearity and Følner property are independent notions in C * -algebras (see Remark 4.14) .
In this section we also analyze the trace space of uniform Roe C * -algebras. We show that for an amenable metric spaces with bounded geometry, every tracial state on a uniform Roe C * -algebra is amenable. We conclude this section stating the problem if, in this context, every tracial state is quasidiagonal. Finally, there is a natural strengthening of the notion of a Følner net which we call a proper Følner net. In the context of metric spaces and algebras, it corresponds to the Følner net being exhaustive, where its subtle difference from general Følner nets plays an important rôle in the study of amenability in these contexts (see [5, ). We introduce the new class of properly Følner C * -algebras in Definition 3.13, and prove analogs of Theorems 1 and 2 in this more restrictive context (see Theorems 3.17 (ii) and 4.12).
Conventions: Given sets X 1 and X 2 , we denote their cardinalities by |X 1 | and |X 2 |, and their disjoint union by X 1 ⊔ X 2 . We put AE 0 = {0, 1, 2, . . . } = N ⊔ {0}. We also denote by tr(·) the unique tracial state on a matrix algebra M n (C) and by Tr(·) the canonical semifinite trace on L(H), the set of bounded linear operators on a complex Hilbert space H. All the representations of unital * -algebras are assumed to be unital.
BASIC DEFINITIONS AND RESULTS
In this section we will summarize the main definitions and results needed later. First we recall the notion of amenability on metric spaces and C-algebras. We refer to [5] (and references cited therein) for motivation, analysis or proofs in a more general context. In the last subsection we also include the definition and some properties of semi-pre-C * -algebras as introduced by Ozawa in [36] .
2.1. Amenable metric spaces. We begin by addressing the notion of amenability for a class of discrete metric spaces that will be needed in the study of Følner type conditions for Roe C * -algebras in Section 4. See Section 2 in [5] for a detailed analysis of metric amenability. We will consider extended metric spaces (X, d), i.e., spaces where the metric is allowed to take the value ∞,
The property that two points have a finite distance defines an equivalence relation, which decomposes X uniquely into a disjoint union of equivalence classes (which we call coarse connected components), i.e., X = i∈I X i , such that each (X i , d| X i ×X i ) is an ordinary metric space, while d(X i , X j ) = ∞ for any different i, j ∈ I. In addition, we will restrict our attention to extended metric spaces (X, d) that are uniformly discrete, i.e., there exists a constant C > 0 such that for any two distinct points x, y ∈ X one has d(x, y) ≥ C. This is no real restriction in the context of coarse geometry since every metric space is coarsely equivalent to a uniformly discrete one. (see, e.g., [34, Proposotion 1.3.8] ). Following Definition 1.2.6 in [34] we define the following class of metric spaces.
Definition 2.1. A uniformly discrete metric space (X, d) has bounded geometry 3 if for any radius R > 0
where B R (x) := {y ∈ X : d(x, y) ≤ R} denotes the closed ball centered at x with radius R.
If (X, d) is an extended metric space with bounded geometry, then each coarse connected component X i is discrete and countable, since a finite metric space is discrete and X i = n∈N B n (x 0 ) for any x 0 ∈ X i . We recall next the definition of amenability for coarse metric spaces based on the notion of Følner sets. Let (X, d) be an extended metric space and A ⊂ X. For any R > 0 consider the following natural notions of boundaries of A:
• R-boundary:
Next we introduce the notion of amenability of metric spaces as in [9, Section 3] . The idea behind this notion of amenability can be traced back to Ahlfors' analysis of exhaustions of an open surface in part II of [2] . Definition 2.2. Let (X, d) be an extended metric space with bounded geometry. 3 Note that a metric space satisfying the condition stated in Eq. (2.1) is also called uniformly locally finite. Moreover, the name "bounded geometry" is used with slight variations in the literature (see, e.g., [11, Section 5.5] ).
We denote by Føl(R, ε) the collection of (R, ε)-Følner sets. (ii) The metric space (X, d) is called amenable if for every R > 0 and ε > 0 there exists F ∈ Føl(R, ε). (iii) The metric space (X, d) is called properly amenable if for every R > 0, ε > 0 and finite subset A ⊂ X there exists a F ∈ Føl(R, ε) with A ⊂ F .
For a finitely generated discrete group Γ equipped with a word length metric d, both notions of amenability for (Γ, d) are equivalent to Følner's condition for the group Γ (see e.g., [34, Proposition 3.1.7] ). Moreover, as in the usual metric space situation, it is obvious that if X is finite then it is properly amenable by taking F = X. It is known that amenability is invariant under coarse equivalence between metric spaces with bounded geometry (see, e.g., [17, 
Amenability for metric spaces comes, as in the case of groups, with an important dichotomy in relation to paradoxical decompositions. For its formulation and for the construction of the translation algebra in Section 4 we need to introduce the notion of a partial translation. Definition 2.4. Let (X, d) be an extended metric space. A partial translation on X is a triple (A, B, t), where A, B ⊂ X and t : A → B is a bijection such that the graph of t is controlled, i.e., sup
We denote the corresponding domain and range of t by dom(t) := A and ran(t) := B. Given two partial translations t and t ′ , we may form their composition t•t ′ by restricting the domain to (t ′ ) −1 (dom(t) ∩ ran(t ′ )) and the range to t(dom(t) ∩ ran(t ′ )). The set of all partial translations of X is denoted as PT(X). A mean µ on (X, d) is a normalized, finitely additive map on the set of all subsets of X, µ :
for all partial translations (A, B, t).
Note that a partial translation can only map subsets of each coarse connected component X i onto subsets of X i . In this sense, each partial translations naturally decomposes along its coarse connected components. Definition 2.5. Let (X, d) be an extended metric space. A paradoxical decomposition 4 of X is a (disjoint) partition X = X + ⊔ X − such that there exist two partial translations t ± : X → X ± .
The following result gives some standard characterizations of amenable metric spaces that will be used later (see, e.g., [13, Theorems 25 and 32] ; see also Theorem 2.16 in [5] for a proof in extended metric space situation). 4 Actually, this definition is equivalent to a weak version of paradoxical decomposition of (X, d) (see Remark 2.10 and Remark 2.12 in [5] for more details). Remark 2.7. There is another non-equivariant analogue of amenability in the realm of coarse geometry, namely property A introduced by Yu in [49] . This property guarantees the existence of a coarse embedding of the metric space into a Hilbert space (see Chapters 4 and 5 of [34] and [6] for a precise definition and additional results). We remark that these properties do not cover each other. Any free group F n with n ≥ 2 generators is non-amenable (as a group and as a metric space) and has Property A (cf., [34, Example 4.1.5]).
To give an example of an amenable metric space without property A we need to introduce first the notion of box spaces (cf., [38, 28] ). Let Γ be a finitely generated, residually finite group and let Γ 1 ⊇ Γ 2 ⊇ · · · ⊇ Γ n ⊇ · · · be a nested sequence of finite index normal subgroups of Γ such that ∞ n=1 Γ n = {e}. The box space associated to the sequence {Γ n } n∈N , denoted by Box Γn (Γ), is the disjoint union ∞ n=1 Γ/Γ n endowed with a metric d, such that: (i) On each quotient Γ/Γ n the metric is the word metric with respect to the image of the finite generating set of Γ.
(ii) The distances between two finite quotients satisfy d(Γ/Γ n , Γ/Γ m ) → ∞ as n+m → ∞ and n = m. Any two metrics on Box Γn (Γ) satisfying the above two conditions are coarsely equivalent. Since each quotient group has a fixed number of generators, it is not hard to see that the box space has bounded geometry. Moreover, the box space is an amenable metric space. Indeed, for any R > 0, there exists by condition (ii) above a natural number n R ∈ N such that the R-boundary of Γ/Γ n is empty for all n ≥ n R . It is well-known (see [38, Proposition 11.39] ) that Γ is amenable if and only if Box Γn (Γ) has property A for any nested sequence Γ n of finite index normal subgroups of Γ with trivial intersection. In particular, the space X := Box Γn (F 2 ) is an amenable metric space (with bounded geometry) which does not have property A. 2.2. Algebraic amenability. In this subsection we will shortly review the main definitions and results concerning algebraic amenability. For simplicity and coherence with following sections we will restrict our analysis of algebraic amenablity to algebras over the complex numbers. We will say A is an algebra, meaning it is a C-algebra. Any result stated in this subsection for A will be also true for K-algebras over commutative fields K. We refer to [5, Sections 3 and 4] for proofs in the more general context of K-algebras and additional motivation. Our definition will follow existing notions in the literature (see Section 1.11 in [24] and [21, 14] ). Definition 2.9. Let A be an algebra.
(i) Let F ⊂ A be a finite subset and ε ≥ 0. Then a nonzero finite-dimensional linear
The collection of (F, ε)-Følner subspaces of A is denoted by Føl(A, F, ε). For brevity we are going to drop the term "left" for the rest of this section. Any algebra satisfying dim(A) < ∞ is obviously properly algebraically amenable by taking W = A. Notice that although the definition works for algebras of arbitrary dimensions, the property of algebraic amenability is in essence a property for countably dimensional algebras (cf., Proposition 3.4 in [5] ).
Remark 2.10. The notion given by Elek in Definition 1.1 of [21] in fact corresponds to proper algebraic amenability in the context of countably dimensional algebras as has been analyzed in [5, Section 3] .
As proved in Proposition 3.4 of [5] we remark that, in essence, (proper) algebraic amenability is a property of countably dimensional algebras: Therefore an easy way to construct an amenable algebra that is not properly amenable is to take a direct sum of a finite dimensional algebra and a non-algebraically-amenable algebra (e.g., the group algebra of a non-amenable group; see Example 2.13). In particular, if A is a non-amenable unital algebra, then A ∼ = A ⊕ C is algebraically amenable but not properly algebraically amenable. Moreover, this is the only way in which a unitization A can be algebraically amenable but not properly algebraically amenable. 2.3. Semi-pre-C * -algebras and their representations. To make this article as self-contained as possible we recall some definitions and basic facts about semi-pre-C * -algebras and their representations (see Ozawa's recent paper [36] for more details and additional applications). This class of * -algebras include pre-C * -algebras and allow to distinguish at the algebraic level between different analytic aspects of group C * -algebras (see, e.g., Example 3.11). In the following we only consider unital * -algebras over C and all homomorphisms and representations are assumed to be unital.
Given a unital * -algebra A, we denote by A h the set of all the hermitian (or self-adjoint) elements of A, i.e. A h = {a ∈ A : a = a * }. It is clear that every element X ∈ A can be uniquely written as a sum X = A + iB of two hermitian elements A and B. Moreover, the set of hermitian elements is an R-vector space. We call a subset A + ⊆ A h a * -positive cone 5 if it satisfies the following conditions:
(i) R ≥0 ½ ⊆ A + and λA + B ∈ A + for every A, B ∈ A + and λ ∈ R ≥0 .
(ii) X * AX ∈ A + for every A ∈ A + and X ∈ A. The algebraic * -positive cone
is obviously the smallest * -positive cone of A and A h is the largest * -positive cone of A. Given a * -positive cone A + of A, we write A ≤ B if B − A ∈ A + for A, B ∈ A h . Then following [36] , we define the * -subalgebra of bounded elements by
Definition 2.14. A unital * -algebra A is called a semi-pre-C * -algebra if it is equipped with a distinguished * -positive cone A + satisfying the Combes axiom that A = A bdd .
For a semi-pre-C * -algebra A, one has
We define the ideal of infinitesimal elements of a semi-pre-C * -algebra A by
and the archimedean closure of any * -positive cone A + of A by
It is clear from the definition and the Combes axiom that the archimedean closure arch(A + ) is again a * -positive cone which contains
In the following, we will only consider positive * -representations of semi-pre-C * -algebras, i.e., * -representations π :
Contrary to the C * -algebraic setting this is not automatic for semi-pre-C * -algebras. A positive * -representation π : A → L(H) is faithful if for any positive A ∈ A + such that π(A) = 0, it follows that A = 0.
An important link to C * -algebra theory is the notion of the universal C * -algebra.
Definition 2.15. The universal C * -algebra of a semi-pre-C * -algebra A is the unital C * -algebra C * univ (A) together with a positive * -homomorphism ι : A → C * univ (A) which satisfies the following properties: ι(A) is dense in C * univ (A) and every positive * -representation π of A on a Hilbert space H extends to a * -representation π :
It is not hard to see that such a universal C * -algebra is indeed unique and C * univ (A) is the separation and completion of the semi-pre-C * -algebra A under the C * -semi-norm sup π(A) L(H) : π is a positive * -representation on a Hilbert space H .
Hence every positive * -homomorphism between semi-pre-C * -algebras extends uniquely to a (positive) * -homomorphism between their universal C * -algebras. It may happen that A + = A h and C * univ (A) = {0}, which is still considered as a unital C * -algebra. 
The universal C * -algebra C * univ (A) can also be obtained as the closure of the image under the universal positive * -representation, which comes from the GNS construction. Recall that a linear functional on a semi-pre-C * -algebra φ : A → C is called a state if φ is positive, selfadjoint and unital. We denote that set of states on A by S(A). For any φ ∈ S(A) we write the corresponding positive cyclic GNS * -representation as
Then we have that the universal C * -algebra C * univ (A) of A is the closure of the image under the universal positive * -representation
(See, e.g., [36, Section 6] for details). Finally, we introduce the notion of maximal representation of a semi-pre-C * -algebra.
Given two unital positive * -representations on a semi-pre-C * -algebra π : A → L(H π ) and ρ : A → L(H ρ ), we say that π weakly contains ρ if ρ(A) ≤ π(A) for every A ∈ A. In particular, since every * -homomorphism on a C * -algebra B is automatically contractive, we see
It is clear that the universal positive * -representation π u weakly contains all positive * -representations, hence it is maximal. Moreover, any positive * -representation weakly containing the universal positive * -representation is also maximal.
Next we show the relation between maximal representations of semi-pre-C * -algebras and faithful representations of the corresponding universal C * -algebras. There are many interesting examples of semi-pre-C * -algebras. In Examples 3.11 and 4.6 below, we will interpret the classes of group algebras and uniform Roe algebras from the perspective of semi-pre-C * -algebras (see, e.g., [42, 36] for additional examples).
We consider first the class of pre-C * -algebras that we will need in the following two sections.
Definition 2.19.
A unital pre-C * -algebra A is a unital * -algebra endowed with a norm · A satisfying all the properties of a C * -norm except possibly completeness.
Example 2.20. Unital pre-C * -algebras can be seen as special semi-pre-C * -algebras as follows. Let A be a unital pre-C * -algebra and let ι : A → B be the canonical injective * -homomorphism of A into its completion B. Then A + = A ∩ B + is an archimedean closed * -positive cone making A a semi-pre-C * -algebra, with zero infinitesimal ideal. (Note that the archimedian closeness follows from the fact that B + is norm-closed.) Conversely, if A + is an archimedian closed * -positive cone with zero infinitesimal ideal, then the embedding ι : A → C * univ (A) gives a norm on A, and A is a unital pre-C * -algebra with completion C * univ (A) and with A + = C * univ (A) + ∩ A. In other words, pre-C * -algebras are the same as semi-pre-C * -algebras whose * -positive cones are archimedian and have zero infinitesimal ideal. We conclude this section recalling the notion of completely positive maps on semi-pre-C * -algebras. Let M n (A) be the matrix algebra over a semi-pre-C * -algebra A, which is a semi-pre-C * -algebra with respect to the following * -positive cone 
In particular, if φ is unital, then V is an isometry.
FØLNER CONDITIONS FOR SEMI-PRE-C * -ALGEBRAS
In this section we will start considering Følner-type conditions in the context of Hilbert space operators and other classes of * -algebras closely related to C * -algebras. More precisely, we will generalize results stated for Følner C * -algebras in Section 4 of [4] to the context of semi-pre-C * -algebras.
3.1. Følner semi-pre-C * -algebras. Now we turn to the discussion of Følner conditions for operators. This notion, and its relation to amenable tracial states, has its origin in Connes' seminal paper on the classification of injective factors [15, 16] . The following definition is an operator theoretic analogue of the previous Definitions 2.2 and 2.9, where the rôle of Følner nets is played by nets of nonzero finite-rank projections. 
where · 2 denotes the Hilbert-Schmidt norm. We call {P i } i∈I a proper Følner net if, in addition, it converges to ½ ∈ L(H) in the strong operator topology.
(ii) For a finite set F ⊂ T and ε ≥ 0, an (F, ε)-Følner projection is a nonzero finite rank orthogonal projection P ∈ L(H) such that
(iii) T satisfies the Følner condition if for any finite set F ⊂ T and any ε > 0, there exists an (F, ε)-Følner projection. (iv) T satisfies the proper Følner condition if for any finite set F ⊂ T , any finite rank orthogonal projection Q ∈ L(H), and any ε > 0, there exists an (F, ε)-Følner projection P ∈ L(H) such that P ≥ Q.
Remark 3.2. It is easy to see that the (proper) Følner condition is equivalent to having a (proper) Følner net. Note that if T ⊂ L(H) has a Følner net {P i } i∈I , then it is also a Følner net for C * (T , ½) (the C * -algebra generated by T and ½). See [4] for additional results.
Lemma 3.3. A collection T of linear and bounded operators in L(H) satisfies the proper Følner condition if and only if for any finite set F ⊂ T and any
Proof. The "only if" part is evident. For the "if" part, we shall directly verify the definition of the proper Følner condition. Given any finite set F ⊂ T , any finite rank orthogonal projection Q ∈ L(H), and any ε > 0, we put
and use the assumption to find an (F,
Thus for any T ∈ T , we have
It is worth mentioning that the existence of a Følner net for a set of operators T is a weaker notion than quasidiagonality. Recall that a separable set of operators T ⊂ L(H) is called quasidiagonal if there exists an increasing sequence of finite-rank projections {P n } n∈N converging strongly to ½ and such that
(See, e.g., [26, 48] or Chapter 16 in [11] for additional motivation and results.) Voiculescu's seminal article [47] gives an abstract characterization of quasidiagonality for unital separable C * -algebras in terms of unital completely positive (u.c.p.) maps into matrices. This has become by now the standard definition of quasidiagonality for operator algebras (see, for example, [11, definition 7.1.1]). In [4] we introduced the class of unital and separable Følner C * -algebras in terms of a sequence of u.c.p. maps into matrices that are asymptotically multiplicative with respect to a weaker norm than the operator norm. (This class was called weakly hypertracial in [8] ). We will generalize this class of C * -algebras to the context of semipre-C * -algebras and prove several characterizations. Our results also show that the separability assumption in [4] is not essential.
Definition 3.4.
A unital semi-pre-C * -algebra A is Følner if there exists a net of u.c.p. maps ϕ i : A → M k(i) (C) which is asymptotically multiplicative, i.e., (3.4) lim
where F 2,tr : = tr(F * F ), F ∈ M n (C) and tr(·) denotes the unique tracial state on a matrix algebra M n (C). If, in particular, A is a unital (pre-) C * -algebra satisfying (3.4) we call it Følner (pre-) C * -algebra.
The class of Følner C * -algebras have several properties. E.g., if a nonzero quotient of a unital C * -algebra A is a Følner C * -algebra, then A itself is a Følner C * -algebra (see Corollary 3.10 for details). Moreover, we can also characterize Følner reduced crossed products. The proof of the following result follows from Proposition 2.12 in [8] .
Proposition 3.5. Let Γ be a countable discrete group and let α be an action of Γ on a unital C * -algebra A. Then the following conditions are equivalent:
(2) Γ is amenable and A has a Γ-invariant amenable trace. (3) A is a Følner C * -algebra and Γ is an amenable group. Example 3.6. Let Γ be a countable discrete group. Due to the recent proof of Rosenberg's conjecture in [44] , we have the following equivalent conditions (see also Sections 2.6 and 7.1 in [11] and Proposition 3.5 above):
Below we will present several characterizations of Følner semi-pre-C * -algebras. In particular, we will establish the relation to amenable traces, introduced below. We use the name trace meaning a tracial state, i.e., a normalized positive linear functional having the tracial property. Below is our first main result in this section, which gives a variety of characterizations for Følner semi-pre-C * -algebras. Again, we assume that all representations involved are unital. 
where
(1) ⇒ (2): Since π(A) has a Følner net, then its norm closure π(A) has the same Følner net and by Theorem 1.1 in [8] we conclude that π(A) (hence also π(A)) has an amenable trace. 
This shows that φ is a hypertrace for π m (A). 
Since π m 0 (A) has an amenable trace, then by Theorem 1.1 in [8] there exists an (F, ε/2)-Følner
and define the nonzero finite rank orthogonal projection (5) ⇒ (6) Let π 0 : C * univ (A) → L(H 0 ) be a faithful and essential * -representation such that π 0 (C * univ (A)) has a proper Følner net. For simplicity we will identify C * univ (A) with π 0 (C * univ (A)) ⊂ L(H 0 ). Consider now an arbitrary faithful and essential * -representation π : C * univ (A) → L(H). By Voiculescu's theorem (which is also true in the non-separable context, cf., [11, §1.7] , [25, Theorem 3.14]), the identity * -representation of C * univ (A) and π are approximately unitarily equivalent. Therefore, for any ε there is a unitary U : H → H 0 such that
Fix ε > 0, a finite set F ⊂ C * univ (A) and a finite rank orthogonal projection R on H. Then, since C * univ (A)(≡ π 0 (C * univ (A))) has a proper Følner net, there is a (F,
which shows our claim. (6) ⇒ (7) Let π : C * univ (A) → L(H) be a faithful and essential * -representation such that π(C * univ (A)) (hence also π(A) has a proper Følner net {P i } i ). Take the triples {(H, π, P i )} i∈I which, by definition, satisfy the asymptotic relation in Eq. (3.5).
(7) ⇒ (1): Let {(H i , π i , P i )} i∈I be the net of triples in condition (7) . Consider the following nonzero positive * -representation π := ⊕ i π i : A → L(⊕ i H i ) and nonzero finite rank orthogonal projections Q i := (0, . . . , 0, P i , 0, 0, . . .) ∈ L(⊕ i H i ). It is clear that {Q i } i∈I is a Følner net for π(A).
(8) ⇒ (7): Assume that A is a Følner semi-pre-C * -algebra and denote by ϕ i : A → M k(i) (C) the u.c.p. maps satisfying
From Stinespring dilation theorem for semi-pre-C * -algebras (cf., Theorem 2.22) there exist Hilbert spaces H i , nonzero (unital) positive * -representations π i : A → L(H i ) and isometries
is nonzero and has finite rank k(i).
Since each V i is an isometry we have for any F ∈ M k(i) (C), that V F 2,tr = F V * 2,tr = F 2,tr , and, therefore,
The following computation completes the proof the implication:
where the second inequality follows from the Cauchy-Schwarz inequality.
Consider a net of triples {(H i , π i , P i )} i∈I , where each π i : A → L(H i ) is a nonzero (unital) positive * -representations and P i ∈ L(H i ) are nonzero finite rank orthogonal projections, such that
where P i 2 denotes the Hilbert-Schmidt norm in L(H i ). Define a net of u.c.p. maps
where k(i) denotes the rank of P i . Moreover, for each A, B ∈ A we have
where π m is a maximal * -representation of A which exists by (4). (8) ⇔ (9): If A is a Følner semi-pre-C * -algebra, then, by (5), there is a faithful and essential * -representation π : C * univ (A) → L(H) such that π(C * univ (A)) has a proper Følner net and by Theorem 1.1 in [8] also an amenable trace. The implication (⇒) follows then by Theorem 6.2.7 in [11] . The reverse implication is obvious.
Remark 3.9. The preceding result shows, in the spirit of Theorem 4.1 in [4] , different perspectives of the representation-independent notion of Følner semi-pre-C * -algebra. Note that if the semi-pre-C * -algebra A is a separable C * -algebra, then all maximal (in particular, the universal) positive * -representations π m on A are faithful. Hence we recover Theorem 4.3 in [4] as a special case. The proof of the implication (2) ⇒ (3) also shows that the notion of amenable trace for semi-pre-C * -algebras does not depend on the maximal embedding. Example 3.11. Semi-pre-C * -algebras provide a useful framework to understand the algebraic aspects of group C * -algebras. In particular, one can use this approach to distinguish at the algebraic level the maximal and the reduced group C * -algebras. Following [36, Example 1], we will analyze below these algebras as Følner semi-pre-C * -algebras.
Let Γ be a discrete group and denote by A := CΓ its group algebra over C. Then A is a semi-pre-C * -algebra with respect to the algebraic * -positive cone A +,alg := CΓ + . It is clear from the definitions that C * univ (A) = C * (Γ), the maximal group C * -algebra of Γ. Since C * (Γ) has always a character (i.e., a one-dimensional representation) it follows from Corollary 3.10 that it is a Følner C * -algebra. Therefore, Theorem 3.8 implies that (A, A +,alg ) is a Følner semi-pre-C * -algebra.
If we equip the group algebra A := CΓ with the following larger archimedean closed * -positive cone A +,r = {f ∈ A : there exists a net {f n } n ⊂ A +,alg such that f n → f pointwise } , then (A, A +,r ) is a semi-pre-C * -algebra and C * univ (A) = C * r (Γ), the reduced group C * -algebra of Γ. Since C * r (Γ) is a Følner C * -algebra if and only if Γ is amenable we conclude that (A, A +,r ) is a Følner semi-pre-C * -algebra if and only if Γ is amenable and this is the case if and only if A +,r = arch(A +,alg ) (see [36, Example 1] ). Finally, we note that it may happen that the algebraic * -positive cone CΓ + is already archimedean closed, which is the case for
Example 3.12. One of the reasons for working in the context of semi-pre-C * -algebras, as opposed to more general * -algebras, is the assumption of Combes axiom in Definition 2.14, which implies that the u.c.p. maps are completely bounded. This is an indispensable requirement for Theorem 3.8 above. The following example illustrates that, in particular, the implication (8) ⇒ (1) is not true in a more general setting: consider the locally compact Hausdorff space X = [0, ∞) and for n ∈ N 0 define A n = C(X, M 2 n ), the unital * -algebra of continuous functions on X with values in the * -algebra of complex 2 n × 2 n -matrices. Let γ n : A n → A n+1 be the map defined by the following block diagonal matrix
where f (n+1) is identified with the constant function on X taking the value f (n+1). Consider the algebraic inductive limit A = lim n A n , which is a unital * -algebra. We show next that there is a sequence ϕ n : A → M 2 n of asymptotically multiplicative u.c.p. maps. Given n, and any m ≥ n, denote by ψ m,n the u.c.p. map M 2 m → M 2 n obtained by compressing a 2 m × 2 m matrix into its 2 n × 2 n upper left corner. Consider the map ϕ m,n : A m → M 2 n given by
The family of u.c.p. maps {ϕ m,n : m ≥ n} is compatible with the transition homomorphisms γ i in the sense that ϕ m,n = ϕ m+1,n • γ m , so it induces a u.c.p. maps ϕ n : A → M 2 n which, by construction, are asymptotically multiplicative. Now we show that that there is no nonzero unital * -homomorphism from A to any C * -algebra. Suppose that π : A → B is such a * -homomorphism. Consider the element X in A obtained as the image in the (algebraic) direct limit of the function f ∈ A 0 given by f (t) = t. We will show that π(X) ≥ n for all n ≥ 0. Let π n : A n → B be the * -homomorphism obtained by π n = π • γ n,∞ , where γ n,∞ : A n → A is the natural map into the direct limit. Then by the simplicity of the matrix algebra M 2 n , considered as the unital * -subalgebra of A n consisting of constant functions on X, we know that π n (M 2 n ) is a unital * -subalgebra of B isomorphic to M 2 n . Standard matrix manipulations then show that B ∼ = B 0 ⊗ C M 2 n where B 0 is the commutant of π n (M 2 n ) inside B, and moreover, π n can be decomposed as
for some unital * -homomorphism δ n : C(X) → B 0 . But now observe that X n = γ n−1 • · · · • γ 0 (f ) is a diagonal matrix with one diagonal entry equal to f (n) = n · ½ X . Consequently
showing our claim.
3.2.
Properly Følner pre-C * -algebras and the relation to algebraic amenability. In the present subsection we will introduce the notion of properly Følner pre-C * -algebra 6 and we will make contact with the notion of (proper) algebraic amenability introduced in Subsection 2.2. 
is injective, where Ω is a cyclic vector for π and F := spanF.
Remark 3.14.
(1) Applying Theorem 3.8 (7), we see that a properly Følner pre-C * -algebra must also be Følner. We will show later that, contrary to the notion of proper Følner C * -algebra introduced in [4] , the notion of properly Følner C * -algebra introduced here is strictly stronger than the notion of Følner C * -algebra (see [4, Definition 4 
.1(ii), Proposition 4.2]).
(2) It is clear that a finite-dimensional C * -algebra is always properly Følner, since it carries a faithful cyclic representation on a finite-dimensional Hilbert space.
The following result shows a crucial difference between properly Følner and Følner pre-C * -algebras. Proof. Assume that A⊕B is properly Følner and let {B 1 , . . . , B m } be a linear basis of B. It suffices to give a proof in the case when A is infinite-dimensional, since otherwise the conclusion is obvious by Remark 3.14.
Let F 0 ⊂ A and ε > 0 be given. To prove our assertion we need to find a cyclic representation π 0 : A → L(H 0 ) with cyclic vector Ω 0 and satisfying the conditions of Definition 3.13. Consider the finite set F = F 0 ⊔ {B 1 , . . . , B m } ⊂ A ⊕ B (identifying A with A ⊕ {0} and B with {0} ⊕ B). From Definition 3.13 applied to A ⊕ B, there is a positive and cyclic representation π : A ⊕ B → L(H) with cyclic vector Ω and a π(F), ε 2 -Følner projection P in the sense of Definition 3.1 (ii) such that the linear map span(F) → H given by C → P π(C)Ω is injective. The latter condition implies also that P 1 = dim(P H) ≥ dim span(F). Note, in addition, that P will also implement proper Følnerness for any smaller set F ′ ⊂ F and that the linear map π(A ⊕ B)Ω → P H given by C → P π(C)Ω has dense image and is thus surjective. Therefore, by adding more elements of small norms to F, without loss of generality, we may assume that P 1 = dim span(F) and
6 Note that the name proper Følner C * -algebra was used in a different sense in [4] ! For this estimate we need that dim B = m is finite. Next we show that the Følner projection P is approximately well-adapted to the orthogonal structure induced on H by the direct sum A ⊕ B.
We have H = K 0 ⊕ K 1 , where K 0 := π(A ⊕ {0})Ω and K 1 := π({0} ⊕ B)Ω. Moreover, dim K 1 = m because the map C → π(C)Ω is injective when restricted to B. We denote by R 0 and R 1 the orthogonal projections onto K 0 and K 1 , respectively. It is clear that for any A ∈ A, B ∈ B, we have R 0 π(A ⊕ B)R 0 = π(A ⊕ B)R 0 , hence R 0 reduces π and we define π 0 := π| K 0 : A → L(K 0 ) which by construction is a cyclic representation with cyclic vector Ω 0 := π(½ ⊕ 0)Ω. Define the projections (3.6) P 0 := P ∨ R 1 − R 1 ≤ R 0 and Q := P ∨ R 1 − P .
Then we have
We now show that P 0 is a (π(F 0 ), ε)-Følner projection. For any T ∈ F 0 , we have, using Eq. (3.6) as well as the trace-class norm to compute the size of the finite rank operators (see Remark 3.2 (ii)),
Finally, we have that the map span(F 0 ) → K 0
is injective. In summary, we have shown by verifying the conditions of Definition 3.13 that A is properly Følner.
Remark 3.16. It is easy to show that A ⊕ B is properly Følner if A and B are. We will not need this result in the present paper.
As an application of Theorem 3.8 we conclude by relating the concept of (proper) algebraic amenability given in Subsection 2.2 to the (proper) Følner property for pre-C * -algebras. Parts of the proof of the following result are inspired by that of [14, Theorem 5.1] . 7 Nevertheless, in the following proof we exploit the fact that the notion of Følner semi-pre-C * -algebra presented in this article is intrinsic, i.e., representation-independent. (1), it suffices to show that given any finite set F ⊂ A and any ε > 0, there is a (π(F), ε)-Følner projection P ∈ L(H). By our assumption, the algebra B is dense in A, whence we can find a finite set F ′ ⊂ B such that F ∪ F * ⊂ N ε/4 (F ′ ), the ε 4 -neighborhood of F ′ . Now by the algebraic amenability of B, we can find a nonzero finite dimensional linear subspace W ⊂ B such that
Consider now the linear map Ψ : A → H given by A → π(A)Ω, which is injective because of the faithfulness of φ. Define P to be the orthogonal projection onto the finite-dimensional subspace Ψ(W ) ⊂ H. We claim that P is a (π(F), ε)-Følner projection. Indeed, for any A ∈ F, there are B, B ′ ∈ F ′ such that A − B ≤ ε 4 and A * − B ′ ≤ ε 4 , and thus
In order to estimate (½−P )π(B)P 2 , we choose an orthonormal basis {e i } i∈{1,··· ,dim(BW +W )}⊔I for H, such that {e 1 , · · · , e dim(W ) } is an orthonormal basis for Ψ(W ), and {e 1 , · · · , e dim(BW +W ) } is an orthonormal basis for Ψ(BW + W ). Hence
Applying the same method to B ′ instead of B, we have
as well. Noticing that P 2 2 = dim(W ), we finally have
This shows that P is a (π(F), ε)-Følner projection. Now we show the general case. Let F ⊂ A be a finite subset and ε a positive real number. By Theorem 3.8 (7), it suffices to show that there is a representation π : A → L(H) and a (π(F), ε)-projection P . There is a countably dimensional subalgebra B 0 ⊂ B such that F ∪ F * ⊂ B 0 . By Proposition 2.11, we can choose a countably dimensional subalgebra B 1 of B containing B 0 such that B 1 is algebraically amenable. Now, let A 1 be a separable C * -subalgebra of A containing B 1 , choose a faithful state on A 1 and extend it to a state φ on A. Let π : A → L(H) be the GNSrepresentation associated to φ. Proceeding as in the first step, we can find a (π(F), ε)-Følner projection P ∈ L(H), as desired.
If A is a Følner C * -algebra, then A is a Følner pre-C * -algebra, by Theorem 3.8.
(ii) We prove first the statement in the case when A is a countably dimensional unital pre-C * -algebra. Since A is separable there is a faithful state φ on A and we denote by π : A → L(H) the GNS representation with cyclic vector Ω. Consider as above the linear map Ψ : A → H defined by Ψ(A) = π(A)Ω. This is an isometry since φ is faithful, where we consider the · 2 -norm in A associated to the state φ. According to Definition 3.13 it is enough to show that for any finite F ⊂ A and any ε > 0 there is a (π(F), ε)-Følner projection P on H such that the linear map F := spanF ∋ B → P π(B)Ω ⊂ H is injective. We may assume that F = {f 1 , . . . , f n } is a finite orthonormal subset of (A, · 2 ). We can find a finite set F ′ ⊂ B such that F ∪ F * ⊂ N ε/4 (F ′ ). Moreover, there is a constant η > 0 such that for any n × n scalar matrix C = (c ij ), if |c ij − δ ij | < η then C is an invertible matrix. By observing that B is dense in A in the · 2 -norm, we can find an orthonormal subset
Since B is properly algebraically amenable, there exists a (π(F ′ ), ε)-Følner subspace W of B such that (3.7) holds for all B ∈ F ′ , and, in addition, F ′′ ⊆ W . Let P be the orthogonal projection onto Ψ(W ) and note that P Ψ(A) = Ψ(A) for any A ∈ F ′′ . As in the proof of (i), we conclude that P is a (π(F), ε)-Følner projection. Moreover, since f i − f ′′ i 2 < η for all i, we have that | f i , f ′′ j − δ ij | < η for all i, j, and so the orthogonal projection onto Ψ(F ′′ ) ,
is injective too. This shows that A is properly Følner.
The general case is reduced to the countably dimensional case just as in (i), using Proposition 2.11. It is clear from the definition that if A is properly Følner, then A is a properly Følner pre-C * -algebra.
Remark 3.18. The converse of Theorem 3.17 is in general not true: a Følner pre-C * -algebra may contain a dense subalgebra not satisfying algebraic amenability. For example, let Γ be a non-amenable group. Then the group algebra CΓ is not algebraically amenable by Example 2.13. Nevertheless, (CΓ, · max ) (or the maximal group C * -algebra C * (Γ)) is always a Følner pre-C * -algebra, because of the representation induced by the group homomorphism from Γ to the trivial group (see Corollary 3.10). In contrast, (CΓ, · r ) (or its reduced group C * -algebra C * r (Γ)) is not a Følner pre-C * -algebra (cf., Proposition 3.5).
AMENABILITY OF UNIFORM ROE ALGEBRAS
In Section 6 of [5] we use the example of the translation algebra to show the close relation between metric space amenability and algebraic amenability. In the present section we add into this picture the notion of Følner C * -algebra. What naturally connects these areas is a family of related constructions introduced by and named after Roe. For our purpose we will be focusing on various variants of the so-called uniform Roe algebras.
We briefly recall the definition of the uniform Roe algebra and its variants. Let (X, d) be an extended metric space with bounded geometry (see Subsection 2.1). Every partial translation of X gives rise to a partial isometry in L(ℓ 2 (X)) in the following way: if t : A → B is a partial translation (cf. Definition 2.4), then define V t ∈ L(ℓ 2 (X)) by
It is clear that V t is a partial isometry and that V * t is the partial isometry associated to the partial translation t −1 : B → A. Moreover, the support and range projections V * t V t and V t V * t are the characteristic functions of A and B, respectively, considered as multiplication operators in L(ℓ 2 (X)). The partial isometries mentioned before specify a Hilbert space representation of the translation algebra (with the coefficient field K = C) analyzed in [5, Section 6].
Definition 4.1. The translation algebra C u (X) is defined as the * -subalgebra in L(ℓ 2 (X)) generated by V t for all the partial translations t on X. The algebraic uniform Roe algebra C * u,alg (X) is defined as the unital * -subalgebra in L(ℓ 2 (X)) generated by C u (X) and ℓ ∞ (X), where ℓ ∞ (X) is identified with diagonal operators in L(ℓ 2 (X)).
We remark that the algebraic uniform Roe algebra is also often defined with the help of the notion of finite propagation (see Remark 4.3). Note that since V t V s = V t•s for any partial translations t and s, it follows that C u (X) is linearly spanned by the generators V t .
Also note that C u (X) is a dense subalgebra in C * u,alg (X) and that ℓ ∞ (X) ⊂ C u (X) unless X is finite. Indeed, ℓ ∞ (X)∩C u (X) is the dense subalgebra of ℓ ∞ (X) made up of all (complex) step functions, i.e., those having finite images. Nevertheless, the following lemma tells us that from a C * -algebraic point of view, these two algebras do not make too much of a difference. Proof. Since for any f ∈ ℓ ∞ (X) and t a partial translation of X, we have the identity f V t = V t (f • t), where
for any x ∈ X, thus any operator T ∈ C * u,alg (X) may be written as a finite sum
V t i f i for partial translations t 1 , . . . , t n of X and functions f 1 , . . . , f n ∈ ℓ ∞ (X). We define a norm · PT on C * u,alg (X) as
for any T ∈ C * u,alg (X); recall from Definition 2.4 that PT(X) denotes the set of partial translations of X. Note that · PT is in general not a C * -norm, but will give an upper bound for any C * -norm: since any nonzero partial isometry has norm 1 under any C * -norm, we see that any * -representation of C u (X) is a bounded linear operator with regard to · PT (restricted to C u (X)). On the other hand, since every function in ℓ ∞ (X) may be approximated by step functions, we see that C u (X) is dense in C * u,alg (X) under · PT . Therefore any * -representation of C u (X) extends uniquely to C * u,alg (X) up to unitary equivalence. Remark 4.3. In the context of Roe algebras it is also convenient to define the propagation of an operator T ∼ = [T xy ] x,y∈X ∈ L(ℓ 2 (X)) by p(T ) := sup d(x, y) : x, y ∈ X and T xy = 0 .
It is clear, due to the controlledness of the partial translations (cf., Definition 2.4), that every partial isometry coming from a partial translation has finite propagation. The elements in ℓ ∞ (X), in particular, all characteristic functions P F , F ⊂ X, have zero propagation. Consequently, all the elements in the algebraic uniform Roe-algebra C * u,alg (X) have finite propagation. The converse is also true, i.e., C * u,alg (X) contains all the operators in L(ℓ 2 (X)) with finite propagation (cf., [38, Chapter 4] ).
Definition 4.4. The uniform Roe algebra C * u (X) is defined as the closure of C u (X) (or equivalently, C * u,alg (X)) in L(ℓ 2 (X)). The maximal uniform Roe algebra C * u,max (X) is defined as the universal enveloping C * -algebra of C u (X) (or equivalently, C * u,alg (X)). Example 4.5. It is well-known that every countable discrete group admits a proper (i.e., balls are compact) left-invariant metric, which is unique up to coarse equivalence (see Lemma 2.1 in [46] ). If the group is finitely generated and discrete, one can simply take the word metric associated to any finite set of generators. In the case that the metric space is a discrete and countable group Γ its associated uniform Roe algebra is canonically isomorphic with the reduced crossed product
where Γ acts on ℓ ∞ (Γ) by left translations. Since every abelian C * -algebra is Følner (in fact quasidiagonal) it follows from Proposition 2.12 of [8] , that C * u (Γ) is a Følner C * -algebra if and only if the group Γ is amenable (see also Proposition 3.5).
Example 4.6. We consider here Roe algebras as semi-pre-C * -algebras (see Subsection 2.3). Let X be a metric space with bounded geometry and C * u,alg (X) be its algebraic uniform Roe algebra over C. Then since the generators f ∈ ℓ ∞ (X) and V t , for partial translations t on X, all clearly belong to the subalgebra of bounded elements, we see that C * u,alg (X) satisfies the Combes axiom, and is thus a semi-pre-C * -algebra with respect to the algebraic * -positive cone C * u,alg (X) + . It follows directly from the definition that C * univ (C * u,alg (X)) = C * u,max (X), the maximal uniform Roe algebra of X. If the algebraic uniform Roe algebra C * u,alg (X) is equipped with the following archimedean closed * -positive cone C u,r (X) + := C * u,alg (X) ∩ L(ℓ 2 (X)) + , then the resultant semi-pre-C * -algebra C u,r (X) satisfies C * univ (C u,r (X)) = C * u (X), the uniform Roe algebra of X, which follows easily from Example 2.20. Moreover, Theorem 2.16 and Example 2.20 imply that C * u,max (X) = C * u (X) if and only if arch(C * u,alg (X) + ) = C u,r (X) + . It is well-known that if X has property A, then C * u,max (X) = C * u (X). The converse implication is open in general (see [39] ).
Next we generalize the group case given in Example 4.5 to general metric spaces with bounded geometry (see also [38, Theorem 4.6] , [35, Proposition 5.5] and [20, Theorem 1] ). We give a multitude of equivalent conditions to characterize amenability. To formulate some of the characterizations, we need to recall a few concepts. Definition 4.7. We say that two idempotents e and f in an algebra A are equivalent and write e ∼ f , if there are x, y ∈ A such that e = xy and f = yx. An idempotent e in an algebra A is said to be properly infinite if there are mutually orthogonal idempotents e 1 , e 2 in eAe such that e 1 ∼ e ∼ e 2 . A (nonzero) unital algebra A is said to be properly infinite if ½ is a properly infinite idempotent.
Definition 4.8 (see also [1, 29, 5] for additional results and motivation). Let n, m be integers such that 1 ≤ m < n. Then the Leavitt algebra (over C) L(m, n) is the algebra generated by elements X ij and Y ji , for i = 1, . . . , m and j = 1, . . . , n, such that XY = ½ m and Y X = ½ n , where X denotes the m × n matrix (X ij ) and Y denotes the n × m matrix (Y ji ). The algebra L ∞ is the unital algebra generated by X 1 , Y 1 , X 2 , Y 2 , . . . subject to the relations Y j X i = δ i,j ½. Theorem 4.9. Let (X, d) be an extended metric space with bounded geometry, A be a unital pre-C * -algebra that contains the translation algebra C u (X) as a dense * -subalgebra. Let k, n be positive integers with n ≥ 2. Then the following conditions are equivalent:
Proof.
(1) ⇒ (2): For any ε > 0 and any finite set F ⊂ C * u,alg (X) let R be an upper bound for the propagation of operators in F. Choose an (R, ε)-Følner set F ⊂ X and consider the subspace (in fact, subalgebra) given by W := P F C * u,alg (X)P F . Since F is finite we have that P F C * u,alg (X)P F = P F C u (X)P F and the proof that W implements algebraic amenability follows from Theorem 6.3 in [5] taking as field K = C. (4) ⇒ (5): Recall that a projection P in a pre-C * -algebra A is properly infinite if there exist partial isometries X,Y in A such that X * X = Y * Y = P and satisfying X * Y = Y * X = 0 as well as XX * + Y Y * ≤ P . A unital * -algebra is properly infinite if the unit is properly infinite. Assume that M k (A) is properly infinite for some n ∈ N. Then there are isometries X and Y
A → C be a tracial state and define a positive trace
(5) ⇒ (6): Assume that L(1, n) is a unital * -subalgebra of A. Then it follows from the definition of the Leavitt algebra that the unit in A is a properly infinite projection, hence also M k (A) is properly infinite. [12] ). (6') ⇒ (1): If X is not amenable, then by Theorem 2.6 (2) there exist a partition X = X 1 ⊔X 2 and two partial translations t i : X → X i . Let V t i be the isometry corresponding to t i , i = 1, 2, which satisfy V t 1 V * t 1 + V t 2 V * t 2 = ½. It follows from the universal property and simplicity of the Leavitt algebras that L(1, 2) is * -isomorphic to the unital * -subalgebra generated by V t 1 and V t 2 .
(6") ⇒ (6') and (5) ⇒ (6"): these implications follow from the fact that a unital algebra is properly infinite if and only if there is a unital embedding L ∞ ֒→ A (see Proposition 5.2 in [5] ). Finally, it remains to make contact with the last condition.
(4) ⇒ (7): If τ : A → C is a tracial state, then it follows from the universal property of K 0 that τ induces a (unique) group homomorphism
(7) ⇒ (6'): Suppose that the Leavitt algebra L(1, 2) is a unital subalgebra of A. Let X 1 ,X 2 , Y 1 ,Y 2 be the canonical generators of L(1, 2). Then the idempotents P = X 1 Y 1 and Q = X 2 Y 2 sum up to ½, while each is also algebraically equivalent to ½ in A. Thus,
and we conclude that
An immediate consequence of the preceding equivalences is the following result. Remark 4.11. Note that by virtue of Lemma 4.2, the result of the preceding theorem remains true if we replace C * u,alg (X) in (2) by a subalgebra (not necessary a * -subalgebra) C of C * u,alg (X) that contains the translation algebra C u (X).
We also have an analogous result linking various notions of proper amenability (see also Definition 3.13): (
This follows as in Theorem 4.9 (see also Theorem 6.3 in [5] ).
(2) ⇒ (3): This follows directly from Theorem 3.17(ii). (3) ⇒ (1): Since A := C * u (X) is properly Følner, and in particular Følner, we know from Theorem 4.9 that X is amenable. Now suppose X were not properly amenable hence not finite. By Corollary 2.8, there would be a decomposition X = Y 1 ⊔ Y 2 with Y 1 being finite and nonempty, Y 2 being non-amenable, and d(y 1 , y 2 ) = ∞ for y 1 ∈ Y 1 , y 2 ∈ Y 2 . We obtain therefore two central projections P Y 1 and P Y 2 in C u (X) which add up to the unit. Note that they are also central in A. Thus setting A i = P Y i AP Y i for i = 1, 2, we arrive at a direct sum decomposition A = A 1 ⊕ A 2 . Since A 1 is finite-dimensional, Proposition 3.15 tells us that
is properly Følner. But by Theorem 4.9, that implies the amenability of the space Y 2 , which is contradictory to our assumption about Y 2 .
The following result shows that the Følner sequence for an operator in the uniform Roealgebra can be chosen within the translation algebra. Corollary 4.13. Let (X, d) be an extended amenable metric space with bounded geometry. Then any operator T ∈ C * u (X) has a Følner sequence which can be chosen within the translation algebra C u (X).
Proof. Let T ∈ C u (X) be of propagation R, F ⊂ X and denote by P F , the characteristic function over F . Note that since p(P F ) = 0, we have that P F ∈ C u (X). Recalling the notions of outer and inner boundary given in Subsection 2.1, one has for the commutator of T with P F [T,
Finally, since C u (X) is dense in C * u (X) it follows that any operator in C * u (X) has a Følner sequence belonging to the translation algebra C u (X).
Remark 4.14. Recall that (X, d) has property A if and only if C * u (X) is a nuclear C * -algebra (cf., [11, Theorem 5.5.7] ). Nevertheless, from Remark 2.7 it follows that (X, d) having property A is, in general, independent of the uniform Roe C * -algebra C * u (X) being Følner C * -algebra. For example, C * u (F 2 ) is not a Følner C * -algebra and X = F 2 has property A. Moreover, the box space X := Box Γn (F 2 ) is an amenable metric space with bounded geometry which does not have property A. By Theorem 4.9 the corresponding uniform Roe algebra C * u (X) is a Følner C * -algebra.
4.1.
The trace space of uniform Roe algebras. The analysis of the trace space of a C * -algebra is a fundamental problem one faces in the study of C * -algebras. Recall that, in the context of amenability for discrete groups, Γ is amenable if and only if every trace of the reduced group C * -algebra is amenable. Other important classes of C * -algebras like nuclear C * -algebras or C * -algebras with the weak expectation property (WEP) also satisfy that any trace is amenable (see, e.g., Chapters 3 and 4 in [10] for details).
From Theorems 3.8 and 4.9, we see that for a uniform Roe algebra, the existence of a trace is equivalent to that of an amenable trace. One may ask a more refined question: is every trace of a uniform Roe algebra amenable? We are going to answer this question affirmatively in this section.
In the following we will assume for simplicity that A is a C * -algebra. Note that if C u (X) ⊂ A, then ℓ ∞ (X) ⊂ A, since any bounded function on X may be approximated in norm by step functions lying in C u (X).
Lemma 4.15. Let A be a C * -algebra that contains the translation algebra C u (X) as a dense subalgebra. Then:
(1) The standard representation π of C u (X) on L(ℓ 2 (X)) extends to A.
(2) There is a conditional expectation E : A → ℓ ∞ (X).
(1) The statement is equivalent to that the identity map on C u (X) extends to a * -homomorphism from A to C * u (X). For this it suffices to show that the C * -norm · A restricted to C u (X) is greater than or equal to the C * -norm · r given by the standard representation of C u (X). To this end we are going to show that for any T ∈ C u (X) with T r = 1 and ε > 0, we have T A ≥ 1 − 2ε.
To begin with, we pick a unit vector ξ ∈ ℓ 2 (X) such that T ξ 2 ≥ 1 − ε. Now as 1 = ξ 2 2 = x∈X |ξ(x)| 2 , we may find a finite subset F ⊂ X such that P F ξ − ξ 2 ≤ ε; thus T P F ξ 2 ≥ T ξ 2 − T (ξ − P F ξ) 2 ≥ (1 − ε) − ε = (1 − 2ε) ξ 2 .
Hence T P F T * r = T P F 2 r ≥ (1 − 2ε) 2 . Since F is finite and by the properties of C * -norms we have T P F T * A = P F T * T P F A = P F T * T P F r = T P F T * r ≥ (1 − 2ε) 2 .
As T T * ≥ T P F T * in A, we have T A = T T * A ≥ T P F T * A ≥ 1 − 2ε. (2) The composition of the standard representation π on L(ℓ 2 (X)) with the conditional expectation E 0 : L(ℓ 2 (X)) → ℓ ∞ (X) gives a conditional expectation E as required. Proof. We first prove τ (V t ) = τ | ℓ ∞ (X) • E (V t ) = 0 for any partial translation t with the property that dom(t) ∩ ran(t) = ∅. Indeed, on the one hand, τ (V t ) = τ (P ran(t) V t P dom(t) ) = τ (V t P dom(t) P ran(t) ) = 0 , while, on the other hand, since δ x , V t δ x = 0 for any x ∈ X, we have E(V t ) = 0.
Next we extend the result to any partial translation t without a fixed point, i.e., such that for any x ∈ dom(t), t(x) = x. To this end, consider the oriented graph whose vertices are labeled by points in dom(t), so that for any x, y ∈ dom(t), there is an edge from x to y if and only if y = t(x). Since t is a partial translation, it follows that every vertex has at most one incoming edge and at most one outgoing edge, and since there is no fixed point, there is no self-loop in the graph. The standard greedy coloring algorithm in graph theory enables us to color the vertices of this graph with 3 colors, i.e., decompose dom(t) into a disjoint union Y 1 ⊔ Y 2 ⊔ Y 3 , so that no vertices of the same color are adjacent. Let t i = t| Y i for i = 1, 2, 3. Then by our construction of the graph and the coloring scheme, we have for each i ∈ {1, 2, 3}, for any x, y ∈ dom(t i ), t(x) = y; thus dom(t i ) ∩ ran(t i ) = ∅. Hence we may apply the previous case to the sum V t = V t 1 + V t 2 + V t 3 and prove τ (V t ) = τ | ℓ ∞ (X) • E (V t ) = 0 by additivity. Now for an arbitrary partial translation t, we let X t = {x ∈ dom(t) | t(x) = x} be the set of its fixed points. Thus we can decompose V t as P X t + V t ′ , where t ′ is a partial translation without fixed points. Since E(P X t ) = P X t , we have τ (P X t ) = τ | ℓ ∞ (X) •E(P X t ). The equality τ (V t ) = τ | ℓ ∞ (X) • E(V t ) follows by additivity. Therefore we still have the claimed equality.
Since every element in C u (X) is a linear combination of partial isometries V t associated to partial translations t, the desired identity holds on C u (X). Finally, we extend the identity to A by continuity.
For the next result recall that by one of the Riesz representation theorems, any mean µ on (X, d) induces uniquely a state φ µ : ℓ ∞ (X) → C such that µ(Y ) = φ µ (P Y ) for any subset Y ⊂ X. Moreover, it is immediate that µ is invariant under partial translations (cf., Definition 2.4) if and only if φ µ is invariant in the sense that φ µ (f ) = φ µ (f • t) for any partial translation t and any f ∈ ℓ ∞ (X) supported in ran(t). It is clear that µ is also uniquely determined by φ µ . Theorem 4.17. Let X be an extended metric space with bounded geometry and A be a C * -algebra that contains the translation algebra C u (X) as a dense * -subalgebra. Let τ be a linear functional on A and consider the conditional expectation E : A → ℓ ∞ (X). Then the following conditions are equivalent:
(1) τ is an amenable tracial state. . That φ is a normalized positive functional follows from the fact that τ is a state. Thus the formula µ(C) = φ(P C ) for C ⊂ X defines a mean on X. Invariance is a consequence of the trace property: let (A, B, t) be a partial translation on X, then µ(A) = φ µ (P A ) = φ(P A ) = τ (V * t V t ) = τ (V t V * t ) = φ µ (P B ) = µ(B) . To prove (3) ⇒ (1), let us consider the standard representation π of A on L(ℓ 2 (X)) and the state ψ = φ • E 0 , where E 0 is the conditional expectation from L(ℓ 2 (X)) onto ℓ ∞ (X). By Lemma 4.15 (ii) we have τ = ψ • π. It remains to show that ψ is a hypertrace for π(A), i.e., ψ(T π(a)) = ψ(π(a)T ) for any a ∈ A and T ∈ L(ℓ 2 (X)) (cf., Definition 3.7). It is enough to assume that π(a) is an arbitrary partial isometry V t , where t is an arbitrary partial translation on X. Using Equation (4.1), we obtain E 0 (V t T )(x) = T t(x) , x , if x ∈ dom(t) 0 , if x / ∈ dom(t) E 0 (T V t )(x) = T x , t −1 (x) , if x ∈ ran(t) 0 , if x / ∈ ran(t)
for any x ∈ X. Thus supp(E 0 (V t T )) = dom(t), supp(E 0 (T V t )) = ran(t) and E 0 (V t T ) = E 0 (T V t ) • V t . Since φ is invariant, we have φ(E 0 (V t T )) = φ(E 0 (T V t )), which shows that ψ is a hypertrace.
We conclude by highlighting a direct consequence of the previous results and a natural question that arises out of it. Since quasidiagonality is a strengthening of amenability for a tracial state, we ask: Problem 4.19. Let (X, d) be an extended metric space with bounded geometry and denote by A the uniform Roe algebra C * u (X) or the maximal uniform Roe-algebra C * u,max (X). Then is every tracial state of A quasidiagonal?
We remark that in a breakthrough in the structure theory of C * -algebras with the UCT (the universal coefficient theorem for KK-theory), Tikuisis, White and Winter ( [44] ) showed that all faithful traces on a separable nuclear C * -algebra with UCT are quasidiagonal, while the question of quasidiagonality of amenable traces on nonseparable algebras was subsequently considered by Gabe ([23] ).
